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On the represetation of finite convex geometries
with convex sets
J. Kincses∗
Abstract
Very recently Richter and Rogers proved that any convex geometry can be rep-
resented by a family of convex polygons in the plane. We shall generalize their
construction and obtain a wide variety of convex shapes for representing convex
geometries. We present an Erdo˝s-Szekeres type obstruction, which answers a ques-
tion of Cze´dli negatively, that is general convex geometries cannot be represented
with ellipses in the plane. Moreover, we shall prove that one cannot even bound
the number of common supporting lines of the pairs of the representing convex sets.
In higher dimensions we prove that all convex geometries can be represented with
ellipsoids.
1. Introduction
Finite convex geometries were introduced by Edelman and Jamison in [6] and these struc-
tures were intensively studied in combinatorics and in lattice theory ([10], [1]). They are
an abstraction of geometric convexity in affine spaces and lately various results were born
about the geometric representation of convex geometries. In this direction Kashiwabara,
Nakamura and Okamoto [9] obtained a basic result proving that any convex geometry
can be represented as a ”generalized convex shelling” in some affine spaces, meaning that
there is an embedding in Rd so that each set in the geometry is convex if and only if its
embedding is convex with respect to a fixed external set of points.
Cze´dli proved in [3] that convex geometries of convex dimension at most 2 may be
represented as a set of circles in the plane. This result initiated a new research area:
representing convex geometries with ”nice” convex sets. Very recently Richter and Rogers
[12] proved that any convex geometry can be represented by a family of convex polygons in
the plane. Cze´dli, Kincses [4] represented convex geometries by almost-circles. In Section
3 we generalize the construction of Richter and Rogers and we will obtain a wide variety
of convex shapes for representing convex geometries.
Adaricheva and Bolat [2] found an obstruction for representing general convex geome-
tries with circles in the plane. In Section 4 we present an Erdo˝s-Szekeres type obstruction,
which answers a question of Cze´dli [3] negatively, that is general convex geometries cannot
be represented with ellipses. Moreover, in Section 5 we shall prove that one cannot even
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bound the number of common supporting lines of the pairs of the representing convex
sets. This will be obtained by giving an upper bound for the convex dimension of the
geometry in terms of the number of common supporting lines of the pairs.
Adaricheva and Cze´dli [2] raised the question whether every finite convex geometry
can be represented with balls in Rd. In Section 6 we prove that this can be done with
ellipsoids.
2. Preliminaries
There are several equivalent definitions of finite convex geometries. We shall use three of
them.
Definition 2.1. Let E be a finite set. A convex geometry on E is a collection C of subsets
(called convex sets) of E with the following properties.
1. ∅ and E are in C,
2. If X, Y ∈ C then X ∩ Y ∈ C,
3. If X ∈ C \ {E} then there is e ∈ E \X so X ∪ {e} ∈ C.
Convex geometries C1 on E1 and C2 on E2 are isomorphic if there is a bijection ϕ : E1 → E2
such that ϕ(X) ∈ C2 if and only if X ∈ C1.
In a convex geometry the convex closure of a set can be defined as the intersection of
the convex sets containing the given set. This operator has nice properties and it serves
an equivalent definition of convex geometries ([1]).
Definition 2.2. A pair (E,Φ) is a convex geometry, if it satisfies the following properties:
1. E is a set, called the set of points, and Φ: 2E → 2E is a closure operator, that is,
for all X ⊆ Y ⊆ E, we have X ⊆ Φ(X) ⊆ Φ(Y ) = Φ(Φ(Y )).
2. If A ⊆ E, x, y ∈ E \ Φ(A), and Φ(A ∪ x) = Φ(A ∪ y), then x = y. (This is the
so-called anti-exchange property.)
3. Φ(∅) = ∅.
The next way to define a convex geometry on E uses a collection of orderings ([6]),
denoted by 4i. Throughout the paper, orderings are total and antisymmetric.
Definition 2.3. We say that (E, C) is generated by a family {4i}
m
i=1 of orderings on E if
C = {∅} ∪ {X ⊆ E : ∀y 6∈ X, ∃i so that ∀x ∈ X, x ≺i y}
For a convex geometry, its convex dimension, denoted by cdim(E, C), is defined as the
smallest number of orderings which generate the geometry (see [7]).
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The usual convex hull in Rd will be denoted by convRd. For a finite family K of
compact convex sets in Rd there is a natural closure operator derived from the affine
convex hull and which is denoted by convK. For any subset S ⊆ K let
convK(S) = {K ∈ K : K ⊆ convRd(∪S∈SS).
In general this closure will not determine a convex geometry (the critical point is the
anti-exchange property). In the planar case we present a sufficient (but not necessary)
condition which guarantees the anti-exchange property and in a sense it is more general
than that considered in [2]. For a compact convex set K in the plane the line l is a
supporting line if K ∩ l 6= ∅ but K is contained in one of the halfplanes of l. The line l is
a common supporting line of the convex sets K and L if it is a supporting line of both K
and L and both sets are in the same halfplane of l.
Lemma 2.4. Let K be a finite family of compact convex sets in the plane and suppose that
any two of them have at most finitely many common supporting lines. Then (K, convK)
is a convex geometry.
For the proof we need some well known properties of the support function of a convex
set (see [13]). For a compact convex set K ⊆ Rd its support function is defined as
h(K, x) = max
y∈K
〈x, y〉
(〈x, y〉 is the scalar product of x, y). The properties we shall use:
(a) h(K, x) is a continuous function on Rd,
(b) for any convex sets K,L, K ⊆ L if and only if h(K, x) ≤ h(L, x) for all |x| = 1,
(c) for any convex sets {Ki}
n
i=1 we have that
h(convRd(∪iKi), x) = max
i
{h(Ki, x)}
(d) the line 〈y, x〉 = h(K, x) is a supporting line of K for any x 6= 0.
Proof of Lemma 2.4. Obviously, it is enough to prove the anti-exchange property. Sup-
pose that S ⊆ K and K,L ∈ K \ convK(S) satisfy the conditions of the anti-exchange
property. Using properties (a), (b) and (c) above we have that there exists an interval I
of the unit circle such that for any x ∈ I
h(K, x) > max
M∈S
{h(M,x)}
max{h(K, x),max
M∈S
{h(M,x)}} = max{h(L, x),max
M∈S
{h(M,x)}}
This implies that h(K, x) = h(L, x) for x ∈ I. By property (d), the sets K and L have
infinitely many common supporting lines so K = L.
Remarks 2.5. 1. Lemma 2.4 gives several classes of convex sets to represent convex
geometries. For example families of circles, ellipses, or in general, nonsingular convex
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algebraic curves or convex curves with analytic support function or polygons with distinct
vertices all satisfy the condition of the lemma.
2. What we really used in the proof is that for any two of the convex sets the supporting
functions cannot agree on an open interval of the circle. This is a weaker condition but
we think it is more technical than that we stated.
3. Representation in the plane
Richter and Rogers [12] proved that any convex geometry can be represented by a family
of convex polygons in the plane. In this section we shall modify their construction and
obtain a wide variety of convex shapes for representing convex geometries.
Consider a convex geometry E defined by a collection of orderings {4i}
m
i=1, m ≥ 2.
For x ∈ E let ji(x) be the x’s place according to the i
th ordering. Choose the unit vectors
vi = (cos(2pii/m), sin(2pii/m)) pointing to the vertices of a regular m-gon Rm and let ε
be a parameter of the construction where 0 < ε < | sec(2pi/m)| − 1. Define the points
F 1i (x) =
(
1 +
2ji(x)− 1
2m
ε
)
vi F
2
i (x) =
(
1 +
2ji(x)
2m
ε
)
vi.
The bounds on ε guarantees that
(1)
for any point P = F 1i (x) or F
2
i (x) the line through P with
normal vi contains all the points F
1
k (y), F
2
k (y) (k 6= i, y 6= x)
on the same open halfplane of it.
This implies that for any x ∈ E the points {F 1i (x)}
m
i=1 and {F
2
i (x)}
m
i=1 are the vertices of
the convex polygons
P 1(x) = convR2{F
1
1 (x), . . . , F
1
m(x)} resp. P
2(x) = convR2{F
2
1 (x), . . . , F
2
m(x)}.
Finally, for each x ∈ E choose a compact convex set K(x) such that P 1(x) ⊆ K(x) ⊆
P 2(x) and let K = {K(x)}x∈E (see Fig 1). It is clear from the construction that
(2)
if x 6= y then the segments F 1i (x)F
2
i (x) and F
1
i (y)F
2
i (y) are
disjoint.
Theorem 3.1. (K, convK) is a finite convex geometry and the map Φ: x → K(x) is an
isomorphism between the convex geometries (E, {4i}
m
i=1) and (K, convK).
Proof. We have to prove that X ⊆ E is convex in E if and only if Φ(X) is convex in K.
Suppose that X ⊆ E is not convex in E. Then there is a z 6∈ X such that for each
i, there exists xi ∈ X with z 4i xi. Thus ji(z) < ji(xi) and |F
2
i (z)| < |F
1
i (xi)| for all i.
From the construction easily follows that
K(z) ⊆ P 2(z) ⊆ convR2(F
1
1 (x1), . . . , F
1
m(xm)) ⊆ convR2(K(x1) ∪ . . . ∪K(xm)).
But Φ(z) 6∈ Φ(X) and K(z) ∈ convKΦ(X) implies that Φ(X) is not convex in K.
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Figure 1:
Conversely, suppose that X is convex in E and let z 6∈ X . Then there is an i such
that for all x ∈ X we have x 4i z and therefore ji(x) < ji(z). Property (2) implies that
|F 2i (x)| < |F
1
i (z)| and from (1) we have that the line through the point F
1
i (z) with normal
vi contains all the polygons P
2(x) in one of its open halfplane. This means that F 1i (z) 6∈
convR2(∪x∈XP
2(x)) and using that K(x) ⊆ P 2(x) we have that K(z) 6∈ convK(Φ(X))
that is Φ(X) is convex in K.
Remarks 3.2. 1. In our construction each set K(x) satisfies Rm ⊆ K(x) ⊆ (1 + ε)Rm
where Rm denotes the regular m-gon with vertices vi. This means that the sets K(x) are
arbitrary close to the regular m-gon in the sense of Hausdorff metric (see [13]).
The construction is sensitive for the number of orderings. Suppose that E is defined
by the orderings {4i}
m
i=1. We can define a new set of orderings {2k}
sm
k=1 in which each of
the original orderings occurs s times, that is 2lm+t=4l+1, 0 ≤ l ≤ m− 1, 1 ≤ t ≤ s. The
new set obviously generates the same convex geometry but the sets K(x) will be close to
the regular sm-gon which is arbitrarily close to the unit circle if s is large enough.
2. The construction provides a great freedom in choosing the sets K(x). Using the
approximation results of convex geometry (see [8]) various ”nice” convex shapes can be
used. From our point of view especially important classes are
• convex sets with analytic support function,
• convex sets with algebraic support function,
because these classes satisfy the condition of Lemma 2.4.
Here we present a folklore example of a semi-algebraic set approximating a convex
polygon because its defining polynomial has degree equal to the number of vertices of
the polygon, which, in our construction, equal to the convex dimension of the convex
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geometry. Let the convex polygon given by the intersection of halfplanes
P = ∩mi=1{aix+ bix− ci ≥ 0}
and define the set
KP = {(x, y) ∈ P :
m∏
i=1
(aix+ biy − ci) ≥ α}.
For sufficiently small positive α the set KP approximates P and it is a strictly convex
compact set with regular algebraic boundary curve
bdKP = {(x, y) ∈ P :
m∏
i=1
(aix+ biy − ci) = α}.
4. Erdo˝s-Szekeres type obstructions
Cze´dli proved in [3] that convex geometries of convex dimension 2 may be represented as
a set of circles in the plane. Very recently Adaricheva and Bolat [2] found an obstruction
for representing any convex geometries with circles. In this section we present an Erdo˝s-
Szekeres type obstruction for representing convex geometries with circles or with ellipses
(in the case of circles it is different from the obstruction of Adaricheva and Bolat). These
are simple consequences of the following results of Pach, To´th and Dobbins, Holmsen,
Hubard. We say that a family of convex sets are in convex position if neither of them is
in the convex hull of the others.
Theorem 4.1 ([11]). There is an infinite family of ellipses in the plane such that any
three of them are in convex position but no four are.
Theorem 4.2 ([5]). For all integers n > k ≥ 1, there exists a minimal positive integer
hk(n) such that the following holds: Any family of at least hk(n) convex bodies in the plane
such that any two have at most 2k common supporting lines and any mk are in convex
position contains n members which are in convex position, where m1 = 3, m2 = 4, and
mk = 5 for all k ≥ 3.
Theorem 4.3 ([5]). There exist arbitrarily large families of convex sets in the plane such
that
• any two members have precisely six common supporting lines,
• any four members are in convex position, and
• no five members are in convex position.
Tthese results immediately gives the following
Corollary 4.4. a) There are convex geometries not representable by circles.
b) There are convex geometries not representable by ellipses.
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Proof. a) consider the convex geometry defined by at least h1(4) ellipses of Theorem 4.1.
By Theorem 4.2, this geometry cannot be represented with circles in the plane.
b) Consider the convex geometry defined by at least h2(5) sets of Theorem 4.3. It
is well known that two ellipses can have at most four common supporting lines, so by
Theorem 4.2, this geometry cannot be represented with ellipses in the plane.
5. Convex dimension and common supporting lines
In this section we shall bound the convex dimension of a family of convex sets by the
number of common supporting lines of the pairs. This will give an obstruction for repre-
senting convex geometries with families of convex sets with bounded number of common
supporting lines.
Let K = {K1, . . . , Kn} be a family of compact convex sets in the plane such that any
two of them have at most k common supporting lines. If for a unit vector x the values
of the support functions {h(Ki, x)}
n
i=1 are all distinct then they define an ordering of the
sets via Ki ≺x Kj iff h(Ki, x) < h(Kj, x). In this case we say that x is regular.
Figure 2:
If x is not a regular unit vector then there are i 6= j with h(Ki, x) = h(Kj, x) which
gives a common supporting line of Ki and Kj. The non regular vectors correspond to
the crossings of the graphs of the support functions (see Fig. 2). By the condition,
there are altogether at most k
(
n
2
)
non regular unit vectors. These vectors divide the
unit circle into intervals and for the points of each interval the induced ordering is the
same and these orderings determine the convex geometry (K, convK). For, let K ∈ K
and S ⊆ K. Then K 6∈ convK S iff there is an interval I of the unit circle such that
maxS∈S{h(S, x)} < h(K, x) for all x ∈ I and clearly I contains a regular vector. Thus we
obtained the following result.
Lemma 5.1. If K is a family of compact convex sets in the plane such that any two of
them have at most k common supporting lines then
cdim(K, convK) ≤ k
(
n
2
)
Now we shall construct a convex geometry with large convex dimension. For this we
shall use a result of Edelman and Saks [7] which express the convex dimension in terms
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of copoints. In a convex geometry (E, C) a convex set A ⊆ E is a copoint if there exists
a point x ∈ E such that x 6∈ A and A is inclusion-maximal among all convex subsets of
E that do not contain x. Let M(C) be the set of the copoints of E and w(M(C)) be the
maximal number of inclusion-incomparable elements of M(C).
Theorem 5.2 ([7]). cdim(E, C) = w(M(C))
The construction: Let {ei}
n
i=1 be the standard basis in R
n and consider the point set
CR = {0,±ei} and the convex geometry (CR, convRn). The points {±ei}
n
i=1 are the
vertices of the crosspolytope (generalized octahedron, see Fig. 3 for n = 3) ([14]).
Figure 3:
The copoint of the point ei or −ei is clearly its complement. Let A be a copoint of 0.
On the one hand the points ei and −ei cannot belong to A at the same time. On the other
hand for any choice of εi = ±1 the set of points {εiei}
n
i=1 form a convex set of our geometry
(they are the vertices of a hyperface of the crosspolytope) not containing 0, so these sets
are the copoints of 0. Each of them has n elements so they are inclusion-incomparable.
Applying Theorem 5.2 we have that
(3) cdim(CR, convRn) = 2
n.
Lemma 5.1 and (3) gives the following result.
Theorem 5.3. There is no integer k0 such that each convex geometry can be represented
with a family of convex sets in the plane such that the sets have pairwise at most k0
common supporting lines.
Remark that this theorem yields further obstruction for representing convex geometries
with ellipses in the plane.
6. Ellipsoids in higher dimensions
Adaricheva and Cze´dli [2] raised the question whether every finite convex geometry can
be represented with balls in Rn. In this section we prove a weaker statement, the repre-
sentation by ellipsoids. We remark that any finite family of ellipsoids in Rn determine a
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convex geometry. The proof goes the same way as of Lemma 2.4 but now we use the fact
that if the support functions of two ellipsoids are equal on an open set of unit vectors
then the two ellipsoids are equal.
Theorem 6.1. Any finite convex geometry with convex dimension d can represented in
R
d with ellipsoids which are arbitrary close to a ball.
Proof. We shall use ellipsoids in a very special position. For the real numbers a1, . . . , ad
consider the ellipsoid
E(a1, . . . , ad) =
{
(x1, . . . , xd) ∈ R
d :
d∑
i=1
x2i
a2i
≤ 1
}
The support function of this ellipsoid is
h(E(a1, . . . , ad), (x1, . . . , xd)) =
√√√√ d∑
i=1
a2ix
2
i
Starting with an arbitrary number s > 1 we define the sequence of real numbers
f(1) = s, f(i+ 1) =
√
f(i)2 + d− 1
d
.
It is easy to check that
f(i) > 1, f(i+ 1) < f(i), lim
i→∞
f(i) = 1.
Let G be a convex geometry defined by a collection of orderings {4i}
d
i=1. For g ∈ G let
ji(g) be the g’s place according to the i
th ordering. We associate to a g ∈ G an ellipsoid
Φ(g) where
Φ(g) = E(f(d+ 1− j1(g)), . . . , f(d+ 1− jd(g))),
and let K = {Φ(g) : g ∈ G}. We prove that the map Φ is an isomorphism between the
convex geometries (G,4i}
d
i=1) and (K, convK).
Take a convex set H ⊆ G and g 6∈ H . Then there is some i such that for all h ∈ H we
have h ≺i g and therefore ji(g) > ji(h) which gives that d+ 1− ji(g) < d+ 1− ji(h) and
f(d+1−ji(g)) > f(d+1−ji(h)). This means that all ellipsoids Φ(h) are in the halfspace
{xi < f(d+ 1− ji(g))} so is their convex hull, but this halfspace does not contain Φ(g).
We get that Φ(g) 6∈ convK(Φ(H)) and so Φ(H) is convex in K.
Conversely, suppose H ⊆ G is not convex in G. Then there is a g 6∈ H such that for
all i there is an hi ∈ H with g ≺i hi. Thus ji(g) + 1 ≤ ji(hi) and
f(d+ 1− ji(g)) < f(d− ji(g)) ≤ f(d+ 1− ji(hi)).
This implies that
Ei = E(1, . . . , f(d− ji(g))), . . . , 1) ⊆ Φ(hi).
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We prove that Φ(g) ⊆ convRd(∪iEi) Using the properties (a), (b), (c) of the support
function, we must prove that h(Φ(g), x) ≤ maxi{h(Ei, x)} for all x. All the support
functions are positive so enough to consider its square. For an arbitrary x = (x1, . . . , xd) ∈
R
d,
∑
x2i = 1
h(Φ(g), x)2 =
∑
i
f(d+ 1− ji(g))
2x2i = 1 +
∑
i
(f(d+ 1− ji(g))
2 − 1)x2i
≤ 1 + max
i
{d(f(d+ 1− ji(g))
2 − 1)x2i } = 1 +max
i
{(f(d− ji(g))
2 − 1)x2i }
= max
i
{
f(d− ji(g))
2x2i +
∑
k 6=i
x2k
}
= max
i
{h(Ei, x)
2}
In the second row we used that d(f(d+1−ji(g))
2−1) = f(d−ji(g))
2−1 which comes from
the definition of the sequence. Thus we get that Φ(g) ⊆ convRd(∪iEi) ⊆ convRd(∪iΦ(hi))
and we know that Φ(g) 6∈ Φ(H) which gives that Φ(H) is not convex in K.
Each ellipsoid of the construction contains the unit ball and is contained in the ball
with center the origin and radius s so they are close to to the unit ball if s sufficiently
close to 1.
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